Many MEMS devices employ parallel plates for capacitive sensing and actuation. The desire to get a significant change in capacitance has been pushing the need to reduce the gap between the moving plate and the fixed plate. With fabrication processes making rapid strides, it is now possible to push the gap to be so small that it becomes comparable to the mean free path of gas or air molecules present in the gap. In all MEMS devices, where the essential function of the device depends on the dynamics of the mechanical components, the presence of air or a gas in such narrow gaps leads to energy dissipation if the gas is squeezed between the two plates due to transverse motion of the movable plate. This energy dissipation, known as squeeze film damping, plays a critical role in determining the quality factor of such devices. For many devices, simple approximation of squeeze film damping based on the linearized Reynolds equation is sufficient. However, under moderate vacuum and very narrow gaps, the linearized Reynolds equation does not give satisfactory results, especially if large amplitude motions of the movable plate are desired. In this paper, we carry out an analysis of the fluid flow in the narrow gap taking rarefaction and surface roughness into account and show that both these factors have a significant effect on the squeeze film damping of the devices.
Introduction
There are many MEMS devices, such as accelerometers, microphones, gyroscopes, etc, which employ parallel plates for capacitive sensing and actuation. In order to increase the capacitive sensing and actuation sensitivities, one needs to reduce the gap between the moving plate and the fixed plate. With the rapid progress in fabrication processes, it is now possible to meet the requirement of small gap thickness. For any dynamic system, calculating the quality factor is essential as it determines the dynamic performance. Since the quality factor is inversely proportional to the total damping present in the system (i.e., fluid, structural damping, etc), it is important to analyse the dominant energy dissipation mechanism in the system. In all MEMS devices, where the essential function of the device depends on the dynamics of the mechanical components, the presence of air or gas in narrow gaps leads to energy dissipation if the gas is squeezed between the two plates due to transverse motion of the movable plate. This energy dissipation is known as squeeze film damping. For such devices, the squeeze film damping plays a critical role in determining the quality factor as it dominates over other types of damping mechanisms such as thermoelastic loss [1] , support loss, surface loss [2, 3] , etc. For very small gap thickness, the mean free path of the gas molecules becomes comparable to the gap thickness, so the fluid flow no longer remains a continuum flow but becomes rarified flow. The degree of rarefaction of the fluid flow is characterized by a parameter called the Knudsen number, Kn, defined as the ratio of the mean free path of the gas molecules to the characteristic flow length. Based on the values of Kn, the flow regimes can be divided into four different types: continuum (Kn < 0.01), rarefaction (0.01 < Kn < 0.1), transition (0.1 < Kn < 3) and molecular (Kn > 3) regimes [4] . For devices with very small gap thickness where the flow regime changes from continuum to rarefaction or transition, the surface roughness can no longer be neglected. The effect of surface roughness becomes even more important [5, 6] for plates vibrating at high frequencies.
In an attempt to include the surface roughness effect, Patir and Cheng [7] seem to be the first to derive the average Reynolds equation by averaging the flow across the gap thickness in the context of hydrodynamic lubrication. The average flow rate is expressed as the rate of flow passing through averaged spacing multiplied by a flow factor. The flow factors adjust the Reynolds equation to give the correct average pressure and flow depending on the roughness of the surfaces involved. Mitsuya et al [8] extended the average flow concept to slip flow conditions. Li et al [9] derived the modified Reynolds equation which includes the coupled effects of surface roughness and gas rarefaction. In the governing equation, the effect of surface roughness is included by introducing a pressure flow factor and the rarefaction effect by taking the higher order slip flow model proposed by Mitsuya [10] . For an ultra thin layer, the modified Reynolds equation [11] was extended by using a modified higher order slip flow model [12] with three adjustable coefficients that are calculated by trial and error method from linearized Boltzmann equation. They also proposed the use of modified molecular gas film lubrication (MMGL) equation with the coupled effects of surface roughness and gas rarefaction in ultra thin gap thickness. Li [6] linearized the MMGL equation to find out squeeze film damping in MEMS devices with the same slip flow model proposed by Hwang et al [12] . Chang et al [5] used the same linearized form of the MMGL equation to show the effects of the surface roughness and the gas rarefaction on the dynamic characteristics of the torsion mirror for small angular rotation.
In this paper, we approximate the roughness distribution on the fabricated surfaces as the Gaussian distribution and then generate the surface roughness numerically using an FFT technique proposed by Hu and Tonder [13] . The coupling of the surface roughness effect with the rarefaction effect is modelled using the MMGL [9] equation and the full nonlinear equation is solved using explicit finite-difference method. We study the effects of large vibrational amplitudes on the variation of damping characteristics due to the surface roughness and the ultra thin gap thickness.
Surface roughness generation
Surface roughness represents closely spaced irregularities that include different features which are intrinsic to the processes that create the surface. MEMS devices are fabricated through the repeated use of a number of basic processing steps. These steps are mainly oxidation, photolithography, etching, diffusion, evaporation or sputtering, chemical vapour deposition, ion implantation, epitaxy, annealing, etc. More details can be found in [14, 15] .
The surface roughness is mainly characterized by two statistical measures: the height distribution and the autocorrelation function (ACF) which includes correlation length, defined later in this section. Under different process parameter of the microfabrication steps (such as different temperature, pressure, rate of etching, the type of etching, etc), the height distribution (i.e., the rms value) and the correlation length of the surface roughness distribution would be different [16, 17] . Materials generally possess surface roughness that follows Gaussian distribution [18] . Therefore, in our analysis, we use the height distribution of the surfaces to be Gaussian. The expression for autocorrelation function representing the Gaussian distribution is given by [19] 
where σ r is the rms value or standard deviation of the surface roughness, β x and β y are correlation lengths as shown in figure 1 , and are defined as the length at which their ACF reduces to 10% of the original value. In order to define the direction property of surface roughness (i.e., surface pattern) we use the Peklenik number [13] defined as γ = β x /β y which describes the degree of non-isotropy of a rough surface. For isotropic surface γ = 1 as shown in figure 1 (a). Figures 1(b) and (c) show an anisotropic surface roughness with γ > 1 and γ < 1, respectively. Finally, we generate surface roughness with specified ACF and distribution function using the procedure laid down by Hu and Tonder [13] . The required surface is generated by designing an FIR filter, which is defined as
where i = 0, . . . , n − 1, j = 0, . . . , m − 1, h f (i, j ) are the unknown filter coefficients to be found so that the value z(i, j ) has the specified autocorrelation factor. η(i, j ) is an input sequence of independent random numbers with a Gaussian distribution. z(i, j ) is the generated roughness value which we obtain through filtering operation given by equation (2) that gives the sequence a certain form of the ACF. Thus, the surface roughnesses with different values of correlation lengths (i.e., β x , β y ) can be generated following the above procedure. For example, the surface shown in figure 2 represents an anisotropic distribution with the correlation lengths β x = 10 and β y = 17, and thus its Peklenik number γ = β x /β y ≈ 0.6. Figure 2 shows the surface roughness along with the contour plot of the ACF. So, we can characterize different surface roughnesses by standard deviation and Peklenik number while considering squeeze film damping. and γ , respectively. The total film thickness at any point between the two surfaces is given by h T as
Governing equations
where h is the nominal film thickness at any time t. Now, for determining the pressure distribution due to squeeze film flow through the thin gap, we use the MMGL equation given by Li and Weng [11] which couples the effects of the surface roughness and rarefaction. 
, where p a and T 0 are ambient pressure and temperature respectively, h 0 is the initial gap thickness, µ 0 is the gas viscosity at ambient pressure and temperature, and R g is the gas constant. Mathematically, the above equation is different from the conventional Reynolds equation in that it contains pressure flow factors φ p xx and φ p yy which capture the effects of surface roughness, and relative flow coefficient Q p (D) which captures the rarefaction effect on the pressure generated due to the transverse motion of surface Z 1 with respect to surface Z 2 . (4)) can be reduced to the linearized form as in equation (5) under the assumption of small amplitude vibration (h = h 0 + h) and small pressure variation (p = p a + p), where p a and h 0 are constants. Under the same assumptions, the relative flow coefficients can also be linearized as given by Li [6] . The dimensional form of the linearized equation is 
Linearized form. The nonlinear form of the MMGL equation (equation
h 3 0 Q p0 12µ 0 φ p xx 0 ∂ 2 ( p) ∂x 2 + φ p yy 0 ∂ 2 ( p) ∂y 2 = h 0 P a ∂( p) ∂t + ∂h ∂t(5)
Solution procedure

Linearized equation
The analytical solution of the linearized equation is obtained by transforming the original equation using the following coordinate transformation proposed by Li [6] :
The transformed form of the original equation (5) in rectangular domain of size L ×W in the non-dimensionalized form is given by
where
is the modified squeeze number, and = p pa is the non-dimensional pressure differential in transformed domain. Here, the modified squeeze number can be related to the conventional squeeze number σ by a relationship given by Q p (D) φ
This coefficient modifies the continuum Poiseuille flow rate to the actual Poiseuille flow rate and also couples the effects of surface roughness and rarefaction. Since, the transformed equation (7) is of the same form as the 2D heat diffusion equation [20] , it can be solved analytically using Blech's approach [21] . The analytical solution of equation (7) is given by
where f d the non-dimensional damping force, f s the nondimensional spring force, and is the non-dimensional vibration amplitude.
Nonlinear equation
For large amplitude motion, the non-dimensional form of the full nonlinear MMGL equation, (equation (4)), can be written as
We use explicit finite difference method to solve this equation numerically. We approximate the double and single partial derivatives by the central difference and the forward difference [22] of nodal values, respectively (see figure 4) . Now, by substituting the nodal values and considering the relationship H = 1 + ε cos τ , v z = ∂H ∂τ = −ε sin τ in equation (10), we have an expression for pressure in (k + 1)th time step at the node (i, j ) in the discretized domain as follows:
where X = , and τ is selected to satisfy all the stability and convergence conditions, [22] . The above equation is solved iteratively to get the non-dimensional absolute pressure. Then the non-dimensional pressure differential is obtained by using = P − 1 at all nodes. After getting the pressure variation in the required region, we use Gaussian quadrature [23] for numerical integration to find the total non-dimensional back force f as
After calculating the phase difference (φ) between the input velocity and the total back pressure, the non-dimensional damping and spring component of the force are found as follows [21] :
Forces are dimensionalized by multiplying with P a βW 2 . So the damping and spring constants as per the assumption of viscous damper and linear spring due to squeeze film damping are given by
Results and discussion
The system we study here is shown schematically in figure 3 . The upper plate vibrates sinusoidally with displacement e(t) = δ cos(2πf t), where δ = h 0 , is the non-dimensional amplitude, and f is the excitation frequency. The lower plate is fixed and hence does not move. Since the squeeze number (σ ) is proportional to the frequency of vibration, we discuss the results hereafter in terms of frequencies only. In the following section, we discuss the effect of surface roughness and rarefaction on the squeeze film damping.
Rarefaction effects
In this case, the modified nonlinear Reynolds equation (equation (10) force become equal. The cut-off frequency increases for the higher values of Kn and leads to the expansion of the frequency range where the damping force dominates over the spring force as shown in figure 7 for = 0.001. The effect of large vibration amplitude is significant only in the higher excitation frequencies (i.e., when σ > 10), while the spring and the damping forces vary nonlinearly at a faster rate [24] . It is also shown that the cut-off frequency varies rapidly with the amplitude when the amplitude becomes relatively large (>5% of the initial gap). Since the rarefaction effect also leads to an increase in the cut-off frequency, the overall effect of rarefaction is to reduce the damping force and expand the range of frequency over which damping force dominates. Figure 8 shows the percentage error in maximum pressure when the Reynolds equation governing continuum flow is used instead of the modified Reynolds equation governing rarefaction/slip flow for different values of vibrational amplitude varying from 0.001 to 0.2 at σ = 25 and Kn = 0.0671. It also shows that the variation starts picking up when increases beyond 5% of the initial gap. So, it is essential to use appropriate model for the squeeze film damping analysis under different conditions as the linear model cannot predict the damping and spring force accurately at higher amplitudes of vibration in the higher range of frequencies.
Coupled roughness and rarefaction effect
In this study, we consider roughness in both the surfaces (i.e., fixed as well as vibrating plates) and discuss their effect on squeeze film damping assuming continuum as well as rarified flow.
We first generate the rms value of the roughness height using the procedure laid down in section 2 and then find the average gap thickness between the plates. This gap is used in solving the modified Reynolds equation considering rarefaction as well as surface roughness effects. The numerical solution of the nonlinear modified Reynolds equation (equation (10)) is obtained by solving the discretized equation ( The effect of surface roughness (here, γ = 1) becomes considerable only when the roughness amplitude (rms value) increases beyond 10% of the initial gap (i.e., Amp > 0.1) as shown in figure 10 . The figure shows that the damping and spring forces are almost invariant for Amp (the nondimensional roughness amplitude) between 0.005 and 0.09. However, both the forces increase at a higher rate in the higher frequency range for Amp > 0.1. Here, the overall effect of surface roughness can be seen as the increase in the damping and spring forces without affecting the cut-off frequency significantly (see figure 10) . We also study the effects of anisotropic distribution of roughness. The results are shown in figure 11 for two different normalized roughness amplitudes, 0.2 and 0.3, and the Peklenik number varying from 1 to 5. The result suggests that the isotropic or anisotropic distribution matters only for the roughness of higher amplitudes. For Amp = 0.2, the damping and spring forces do not vary with γ while for Amp = 0.3, both forces increase considerably with increasing γ , especially at higher excitation frequencies. Figure 12 shows the comparative study of the effect of surface roughness, rarefaction (Kn = 0.0671) effect and their combined effect on the maximum pressure generated. It shows that for the condition where the rarefaction and surface roughness consideration is important, the percentage error in calculating the maximum pressure becomes large when the Reynolds equation governing continuum flow is used instead of the appropriate MMGL model. It reveals that the effect of surface roughness becomes even more important in rarified gases. Since the error increases at steeper rate at higher amplitudes, it is evident from the fact that the effect becomes more important when the amplitude of vibration increases beyond 5% of the nominal gap. Under a complex condition where the rarefaction as well as the surface roughness is considered, the damping and spring forces increase due to the roughness effects while the rarefaction effect reduces the forces and increases the range of frequencies under which the damping force dominates over the spring force. At higher vibration amplitudes, these effects increase by an order of magnitude over that due to small vibration amplitudes at higher frequencies. Finally, we remark that in this study, we have concentrated more on the methodology of incorporating surface roughness effects and evaluating its contribution to squeeze film damping than evaluating the different statistical models of surface roughness in MEMS devices. Research in the latter topic is still in its infancy, particularly with respect to experimental measurement correlations. Therefore, we have used the model commonly used by other researchers. We, however, do not expect to see drastically different results if the statistical model of the surface roughness distribution changes because of the averaging that is implicit in modified Reynolds equations.
Conclusions
In the evaluation of squeeze film damping due to the flow of air in very narrow gaps between two parallel plates, rarefaction and surface roughness play a significant role, especially at higher frequencies of vibration of the movable plate. We use the modified molecular gas film lubrication equation to evaluate the back force produced by squeezing a very thin air film between two plates under rarified conditions. We simulate surface roughness using an FFT-based algorithm. The computed spring force and the damping force show that rarefaction, in general, lowers the damping force without affecting the spring force significantly, thus increasing the range of frequency over which the damping force dominates. However, if the surface roughness is significant (roughness amplitude >10% of the nominal gap) and the amplitude of vibration is >5% of the nominal gap, both the spring force and the damping force increase considerably with increasing frequency of vibration.
